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In so doing, f γ and f 2 e M n and f x and f 2 are not proportional to /. Therefore, the only extremal elements / of M n with /(α 0 ) > 0 are the positive constant functions.
Let feM n , n>l, and define a[ -1 -α 0 , if ί 2 = 0 and a[ ~ a 0 if i 2 = 1, where α 0 is defined above. It can be shown that if feM n , then / must be continuous on [0, 1] except at a[ [9, p. 148] . It follows that the only extremal elements of M ί that are in M n are those which are continuous on [0, 1] except, possibly, at αj, and these functions are again extremal elements of M n .
If i 2 = 0,feM n , n > 1, / is not constant on (0, 1) and / is discontinuous at αj = 1 -α 0 , then take f x (x) = 0 for x e [0, 1] and x Φ a[, fM) = /(O -limit f{x) > 0
x-+a' Q and f 2 = / -f im In so doing, f x and / 2 e M n and / 2 and f 2 are not proportional to /. Hence, whenever i 2 = 0, the only extremal elements of M n that are discontinuous at αj = 1 -α 0 are the functions which are positive at a[ and zero elsewhere on [0, 1] .
On the other hand, if ί 2 = 1, feM n9 n > 1, / is not constant on (0, 1) and / is discontinuous at a 0 = a 0 , then let f x {x) = limit f(x) > 0 ,
x->a 0
x e [0,1] and x Φ αό, Λ(αί) = 0 and / 2 = / -/ lβ Then / x and / 2 are in M n and /j. and / 2 are not proportional to /. Therefore, whenever ί 2 = 1, the only extremal elements of M n that are discontinuous at aΌ = a 0 are the functions which are zero at a[ and equal to a positive constant elsewhere on [0, 1] .
Consequently, the extremal elements of M ny n >1, which are not extremal elements of M λ must be zero at α 0 and continuous on [0, 1] It will be shown that these extremal elements of M n are indefinite integrals of the extremal elements of a cone which is similar to M x . This cone is given in Definitions 1 and 2. for xe (0, 1) , where a 0 = (1/2) [1 -(-l) (ίl) ] and
is finite, for xe (0, 1); and (e) limit I(g, n -1; x) exists and is finite.
Note.
If g e K n , n > 1, then I{g y n -1; ) will denote the function which is the continuous extension to [0, 1] of the function given in Definition 1. The principal theorem of this section can now be stated and the remainder of the section will be devoted to its proof. The key results are Lemma 3 and Proposition 2. (-l) (ί/e) m > 0 and 1 ^ k ^ n -2.
In the same manner that the extremal elements of M 1 were found, it can be shown that the extremal elements of K n are precisely those functions in K n which assume exactly one nonzero value in (0, 1). Before determining the extremal elements of M n , it is shown in the following three lemmas how the ^-monotone functions are related to the functions in K n , where n > 1. LEMMA 1. If feM n , then f[ n~ι) e K n , where n > 1.
Proof. Since {-iy in)
A n h f{x) ^ 0 for 0 ^ x < x + nh ^ 1, then y(*>-2) ex i s t s an( j is continuous on (0,1) and (-1)<*»>/<»-2 > is convex [1] . Therefore (-l) (^/(w -2) has a right-continuous, nondecreasing right-hand derivative [4, p. 10] . It follows that (-1) ( x-*l~a Q exists and is finite and let feM n+1 . Then feM n and it follows from the first part of the proof that (-l) ( *V-i>y^-i) is nonnegative and monotonic on (0,1) and
Therefore, limit I(fi n) ,n; x)
exists and is finite by the induction hypothesis. 
Since (-iy i2) g is nondecreasing, then J ((-l) 
g is nonnegative and
it is easily seen that feK n and it follows from the induction hypothesis that I(g, n; •) = /(/, n -1; •) eΛf Λ . By a repeated application of the mean value theorem for a Riemann integral, it can be shown that
for 0 ^ a? < a? + (w + l)h ^ 1, and this inequality, together with the fact that I(g, n; )eM n implies that I(g, n; ) eM n+1 .
In the proofs that follow, f {k) {a k ) should be interpreted as 
1; ),i = 1,2, then f, and f 2 eM n and / = / 1 +/ a . Since / is an extremal element of M" n , there are numbers λ^ ^ 0 such that fj = λ,/, i = 1, 2, which implies that g ά = λy/j*-" = λ^, i = 1, 2, and g is therefore an extremal element of K n .
Conversely, if g is an extremal element of K n and f x and f 2 e M n such that / = Λ +/ 2 , then ^ and # 2 e iΓ u and ^ + g 2 , a k , k; )eM n .
is constant on (0,1), it follows from a repeated application of the mean value theorem for a Riemann integral that
where x < ξ < x + kh and thus, Alf.(x) = 0 for 0^x<x + ph^l and j > ^ fe + 1. Hence, /e M n9 for every n, which implies that / is an extremal element of M p , for It will follow, as a consequence of the next three lemmas, that no other functions in M n are extremal elements of M n , n > 2.
Proof. Let Jf c denote the smallest integer such that f ιk) (a k ) Φ 0. Then feM n czM k+2 implies that f^+ 1) eK k+2 , and it follows from Lemma 2 that I(/ΐ +1) , k + 1; ) e M* +2 . Since f(a 0 ) = 0 and / (2)) (α p ) = 0 for 1 <: p < k, then Since M n is closed and every ^-monotone function / is nonnegative and bounded by /(I -α 0 ), Tychonoff s theorem implies that the normalized ^-monotone functions, namely form a compact base for M n , n^zl.
Thus, every nonzero ^-monotone function can be uniquely expressed as a positive multiple of some / in C n and / is an extreme point of the convex set C n if, and only if, / is an extremal element of M n which lies in C n . DEFINITION The principal theorem of this section can now be stated and the remainder of the section will be devoted to its proof. Theorem 2 will be proved by using an integral reformulation of the Krein-Milman theorem. In order to apply this result, it must first be demonstrated that extC % is closed. PROPOSITION 
The set of extreme points of C n is closed in C n , n>2.
Proof. Since C n with the relative topology is a subspace of a first countable space, it will suffice to show that if {/<} is a sequence of functions in ext C n which converges pointwise to the function /, then /eext C n [3, p. 164] . Since all except a finite number of the functions in extC n are of the form e(m ζ , ξ, n -1; •), where ξe (0,1) or ξ = α n-1 , it can be assumed without loss of generality that f t = #(m f ., &, w -1; ) for each i.
If α 
for a; e (0, 1), where for each XG (0,1). On the other hand, if {fj converges to α 0 , then
for x e (0,1), where
In either case it follows that / e ext C n and this completes the proof. DEFINITION 6 Let e 0 denote the function in extC n which is identically one and let e (w 1 _ βn-1 ,1 -a n _ u n -1; •) be the function defined by e(m^a , 1 -<&*_! , n -1; x) = limit e{m ζ , ξ,n -1; a?)
for O^a ^l and w > 1. , since e 0 is the only function in extC % which is positive at α 0 , Equation (1) It remains to prove that μ is unique. Since μ is supported by ext C ny then μ is a maximal measure in Choquet's ordering [6, pp. 24, 70] . Thus, by the Choquet-Meyer uniqueness theorem, it suffices to prove that C n is a simplex [6, p. 66] . since h and h -fe M n (cf proof of Lemma 4) . It follows that h -ge M n which implies that
On the other hand, if there is a nonnegative integer p <^ n -2 such that /^(α,) =£ 0, then let Σ fe=0 where / Λ is given by Definition 7. Since /e M n -M n and f (k) (a k ) = 0 for 0 ^ fc ^ w -2, it follows from the first part of the proof that there is an ^-monotone function g such that g -fe M n and if h is an ^-monotone function such that h -feM n , then h -g e M n . Let kj, 0 <: j ^ p < n -1, denote those integers for which and define
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